We introduce a custom-cut periodically poled ferroelectric crystal for the phase matching of multistep cascading frequency conversion processes. Our approach involves combination of collinear second harmonic generation and transverse sum frequency mixing via the total internal reflection of the fundamental and collinear second harmonic beams. As a proof of concept we demonstrate multiple frequency generation with an enhanced fourth harmonic signal in a one-dimensional periodically poled LiNbO 3 crystal. 
Introduction
The quasi-phase matching (QPM) technique [1, 2] in periodically poled ferroelectric crystals or orientation-patterned semiconductors has been widely used in optical frequency conversion, wave-front manipulation, and ultrafast signal processing. It is based on spatial modulation of the second-order nonlinear coefficient χ (2) of the material to create a set of reciprocal lattice vectors to compensate for the phase mismatch in a nonlinear wave mixing process. The simplest process of collinear second harmonic generation (SHG) is illustrated in Fig. 1(a) . Here the quasi-phase matching condition can be written as k 2 − 2k 1 − G m = 0, where k 1 and k 2 are wave vectors of fundamental and second harmonic waves, respectively, and G m = 2mπ/Λ (m = 0,1,2...) with Λ being period of the χ (2) modulation.
Apart from the typical collinear interaction, QPM has been also widely employed in noncollinear (or transverse) interaction geometry. In this case, the fundamental beam propagates normally to the χ (2) modulation, while the generated harmonic waves are emitted in the transverse direction. In the example illustrated in Fig. 1(b) , for a fundamental beam propagating exactly normally to periodic χ (2) modulation the nonlinear interaction leads to a number of second harmonics with wavevectors k 2m emitted at angles such that k 2m sin α m − G m = 0. This process resembles traditional Raman-Nath diffraction of light on index grating and hence is termed nonlinear Raman-Nath diffraction [3] . The efficiency of this process is rather low because for each emitted beam only the transverse phase matching condition is fulfilled, while the nonzero phase mismatch along the propagation direction leads to periodic energy flow between fundamental and second harmonics. However, as the experiments show, in addition to low intensity Raman-Nath SH peaks there are also a pair of strong beams, the so-calleď Cerenkov, emitted with the wave vector k 2C such that k 2C cos θ C − 2k 1 = 0 [4, 5] , where θ C is the angle at whichČerenkov beam is emitted. Unlike the nonlinear Raman-Nath emission whose direction is governed by the spatial periodicity of χ (2) through reciprocal lattice vectors G m , the direction of theČerenkov beam is determined solely by the fulfilment of the longitudinal phase matching condition. Since, by definition, the longitudinal phase matching is satisfied forČerenkov beam, this beam experiences monotonic growth in propagation and hence its intensity can be quite high. TheČerenkov SHG has been already discussed and observed in various nonlinear media [6] [7] [8] [9] . WhileČerenkov emission may, in principle, take place in a homogeneous nonlinear medium, any sharp (even, isolated) nonlinearity modulation, such as periodic or chirped χ (2) gratings greatly facilitate the process [10] [11] [12] [13] . This made it attractive for applications in second harmonic microscopy, where it provides remarkable enhancement of contrast allowing for three-dimensional diagnostics of χ (2) nonlinearity patterns in nonlinear crystals [14, 15] . Fig. 1. (a,b) Phase matching diagrams of (a) traditional collinear quasi-phase matched SHG and (b) transverse SHG. The arc represents the magnitude of the SH wave vector; α is the emission angle of m-th Raman-Nath SH wave, and θ is theČerenkov SH emission angle that is determined solely by the longitudinal phase matching condition. (c) The geometry of multiple frequency mixing process that combines both, collinear and transverse types of interactions. Here the collinear SH generation is followed, after its total reflection at the 45 • corner, by theČerenkov second-, third-, and fourth-harmonic generations.
Because of its relatively high efficiency,Čerenkov interaction is attractive for frequency conversion. In particular, one can utilize sum frequency mixing involving fundamental anď Cerenkov beams to generate higher harmonics of the single fundamental beam [16] [17] [18] . Starting with long wavelength fundamental beam such cascading process of sum frequency mixing has generated up to fifth harmonic of the original input wavelength [19, 20] . Moreover, because of material dispersion each generated harmonic is emitted at different angle leading to the formation of the so-called nonlinear colour fan. The major drawback of this, and other transverse interaction schemes is the quick decrease of conversion efficiency with increased cascading order. Therefore the power of higher harmonics becomes progressively the weaker. In contrast, phase matched collinear frequency generation in periodically poled structures ensures strong energy transfer between the fundamental and its second harmonic.
In this work, we propose to combine traditional collinear QPM interaction with nonlineař Cerenkov frequency generation in a single sample of periodically poled nonlinear crystal. Our approach offers the advantages of both interaction mechanisms to achieve higher efficiency of high harmonic generation via χ (2) cascading. As a proof of concept we demonstrate enhanced fourth harmonic generation in a custom-cut periodically poled lithium niobate crystal.
Theoretical design
The geometry of the proposed nonlinear optical interaction is schematically depicted in Fig.  1 (c). The rectangular shaped z-cut sample of ferroelectric crystal (Lithium niobate, LiNbO 3 ) has one of its corners cut at 45 • . The sample is periodically poled with period Λ along the, say, x axis. The fundamental beam (wavelength λ 0 ) propagates along the same axis until it is totally internally reflected at the 45 • cut corner. After that the beam propagates along y-direction and finally leaves the sample. The nonlinear interaction in the crystal can be divided into two stages. Firstly, the input fundamental beam (FB) efficiently generates its second harmonic (SH) via quasi-phase matched collinear interaction using G 1 [ Fig. 1(a) ]. To this end the poling period satisfies the following condition: Λ = λ 0 /2(n e,2 − n e,1 ), where n e,1 , n e,2 are extraordinary refractive indices of LiNbO 3 at the wavelengths of FB and SH, respectively. At the end of this collinear interaction both, FB and strong SH experience the total internal reflection, after which they propagate normally to the periodic χ (2) modulation. During this second stage of propagation both beams serve as sources of transversely emitted higher harmonics as shown in Fig. 1(c) . Due to periodicity of the χ (2) structure the transverse interaction involves both Raman-Nath andČerenkov harmonic emissions. The effect of nonlinear Raman-Nath emission in sum frequency mixing has been discussed in detail in [19] . Since it is much weaker than theČerenkov, we will neglect it in further discussions. Therefore, we are left with seven Č erenkov frequency conversion processes, schematically depicted in Figs. 2(b-h) in terms of phase matching conditions. Here we do not considerČerenkov SHG at the boundary between crystal and air in total internal reflection [12] , which is expected to be much weaker than that caused by periodic χ (2) modulation. [21] was used, are listed in Table 1 . It is clearly seen that the emission angles of theČerenkov harmonic waves depend only on the refractive indices of the material. 
Experiment and results
In the experiment we used a z-cut periodically poled lithium niobate crystal fabricated via electric-field poling technique. The sample's dimensions are 23 mm (x) ×7 mm(y) × 0.5 mm(z), respectively. The poling period was Λ = 21 μm with duty factor of 50% for the most efficient collinear second harmonic generation at fundamental wavelength of λ 0 = 1620 nm. One of the sample's corners was cut at 45 • and the resulting plane was polished to ensure total internal reflection of both fundamental and SH beams. The 150 fs beam (25 nm bandwidth) from optical parametric amplifier (Coherent OPerA Solo, 1 kHz rep. rate) was first expanded and then loosely focused with the plano-convex lens (f = 500 mm) at the X facet of the crystal. The focal spot (roughly 100 μm wide) was located in the middle of the sample. With this width at least 5 periods of χ (2) modulations were covered by the beam. The extraordinary input polarization ensured the strongest (ee-e) nonlinear interaction. The beam propagated through the sample for 20 mm along the x-direction until it was totally internally reflected at 45 • surface and propagated along the y-direction (parallel to ferroelectric domain walls) for the next 5 mm, and finally left the sample. The emitted beams were projected onto the screen which was imaged with a CCD camera. The Glan prisms and half wave-plate were used to control the input beam power. To avoid material damage the average input power was kept at a level of 150 μW.
On illuminating the sample with fundamental beam we clearly observed a number of harmonic beams emitted from the Y -surface of the sample as shown in Fig. 3(a) . All beams were extraordinary polarized owing to the (ee-e) nonlinear interaction. The central spot represents both, fundamental and collinearly generated quasi-phase matched second harmonic. As the conversion efficiency of the collinear interaction reached 36%, both beams were of quite high intensity and had to be attenuated in order to make other beams visible on the CCD. The average power of the collinear SH was 55 μW. The bright, transversely emitted beams that are closest to the central spots areČerenkov second harmonics (CSH) with an average power of 0.9 μW. Next, there is a pair of green spots representing third harmonic beams (TH 1 , TH 2 ) whose phase matching processes are depicted in Figs. 2(c) and 2(d), respectively. Their combined power was 7.78 nW. These TH beams are significantly weaker than CSH. In fact, we could expect the beam TH 2 to be much weaker because it originates from the second cascading order of interaction. The beam TH 1 formed via sum frequency mixing of two strong beams, fundamental and collinear SH, and hence was expected to be relatively strong. Its low power is most likely caused by the use of short pulses (150 fs) in our experiments. In this regime the frequency conversion process is adversely affected by the group velocity mismatch between the fundamental and second harmonic pulses, which is estimated to be 0.27 ps/mm at 1620 nm for congruent LiNbO 3 crystal. The mismatch restricted the effective interaction distance. One may expect to achieve higher conversion efficiency for TH 1 by using longer (picosecond or nanosecond) pulses [22] .
Finally there is a pair of strong blue spots representing fourth harmonics of the fundamental wave. Its combined power was 57 nW. In the traditional scheme of cascading of nonlinear processes the fourth harmonic should be much weaker than the third harmonics. This is not the case here since the major contribution to the FH comes fromČerenkov frequency doubling of the collinearly emitted SH. The order of this process is the same asČerenkov SHG and hence the beam intensity is few times higher than the intensity of the third harmonic. Notice that the group velocity mismatch does not affect theČerenkov fourth harmonic, as only the collinear second harmonic serves as the major source of the emission [see Fig. 2 (e) ].
The measured internal emission angles for these harmonic beams, listed in Table 1 , agree well with the theoretical values. Interestingly, we observed only one broad spot corresponding to the fourth harmonic generation. Therefore, the angle 21.26
• refers to the maximum in the blue emission spot. Because of its 2.72 • angular width, it most likely corresponds mainly to k 4C and k 43 emission. The two other beams with wave-vectors k 41 and k 42 should be emitted at an angle close to the angle of total internal reflection. Therefore these beams could be either trapped inside the sample or significantly attenuated due to the Fresnel reflection at the boundary. We attribute the small difference between measured and predicted emission angles to departure of the direction of fundamental beam from the ideal normal incidence inside the sample. WhileČerenkov harmonic emission is always symmetric with respect to ferroelectric domain walls, any tilt of the fundamental beam (in the plane of the structure) leads to increased emission angle and angularly asymmetric emission with respect to the direction of fundamental beam [5] . From our measurements we estimated the angular tilt of the fundamental beam to be approximately 4
• . The asymmetry ofČerenkov emission with respect to propagation direction of the fundamental beam, is clearly visible in Fig. 3(a) . Moreover, in agreement with theory [5] the tilt of fundamental beam also causes asymmetric power distribution within the pair of Cerenkov beams, which is also evident in Fig. 3(a) , where all beams propagating to the right of FB are stronger than their left counterparts. In fact, this property can be utilised in directing majority of emitted power into one set ofČerenkov beams.
In Fig. 3(b) we depict measured intensity of each emitted harmonics as a function of the wavelength of the fundamental beam. All curves are normalized to their maxima. It is clear that departure from the exact resonant wavelength (1620 nm) results in an immediate drop of the collinear SH andČerenkov FH, indicating again that the collinear SH serves as the major emission source of the fourth harmonic generation [Figs. 2(e) ]. Note that the FH did not vanish even though the collinear SH became weak at longer wavelengths. This indicates the growing contributions to FH from the other phase matching processes, namely those involving theČerenkov SHG [Figs. 2(f-h) ], which became stronger at longer wavelengths. The plot in Fig.  3(b) also shows the nonmonotonic dependence ofČerenkov TH and SH on the fundamental wavelength. This agrees with the fact that theČerenkov frequency generation in a periodic structure strongly depends on the wavelength [10] . For certain wavelengths, both transverse and longitudinal phase matching conditions will be simultaneously satisfied, giving rise to the nonlinear Bragg diffraction which will enhance the Cerenkov emission [5] . In fact, the growth of CSH and CTH for longer wavelengths, seen in Fig. 3(b) is very likely caused by this effect as we determined that Bragg resonances appear at 1680 nm and 1800 nm. The wavelength sensitivity could be weakened by incorporating weak disorder into the otherwise periodic domain pattern [11] . Moreover, the disorder could significantly broaden the bandwidth of our technique by easing the inherently narrow spectral response of collinear interaction [23] . Finally, the central frequency of our custom-cut ferroelectric crystal can be tuned by angular tilting of the incident fundamental beam. The tilting would also enhance theČerenkov emission at angles corresponding to the Bragg nonlinear diffraction [5] .
Conclusion
We studied multiple frequency generation via the nonlinear cascading process in nonlinear photonic structure. By employing the total internal reflection inside the sample we combined quasi-phase matched collinear andČerenkov nonlinear sum frequency mixing to realize enhanced fourth harmonic generation in a single periodically poled lithium niobate crystal. 
